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In the submitted work, the semimarkovian process is considered. Limiting model

is considered. Results of analytical treatment of limiting model are compared with

results, obtained by the asymptotical method.ÂâåäåíèåÑóùåñòâóåò ïðîáëåìà ðàñøèðåíèÿ êëàññà ìàòåìàòè÷åñêèõ ìîäåëåé ïîòîêîâ îäíîðîä-íûõ ñîáûòèé. Çà÷àñòóþ êëàññè÷åñêèå ìîäåëè ñëó÷àéíûõ ïîòîêîâ ñîáûòèé íå ìîãóòáûòü àäåêâàòíû ðåàëüíûì èí�îðìàöèîííûì, òåëåêîììóíèêàöèîííûì ïîòîêàì. Ìîäå-ëåé ïóàññîíîâñêîãî è ïðîñòåéøåãî ïîòîêîâ ÷àñòî áûâàåò íåäîñòàòî÷íî äëÿ áîëåå ïðàâäî-ïîäîáíîãî, ïðèáëèæåííîãî ê ðåàëüíîñòè îïèñàíèÿ âõîäÿùèõ ïîòîêîâ äëÿ ñèñòåì ìàññî-âîãî îáñëóæèâàíèÿ. Íåñìîòðÿ íà òî ÷òî ñóùåñòâóþò ïîòîêè �àçîâîãî òèïà è ìîäóëèðî-âàííûå ïóàññîíîâñêèå ïîòîêè, êîòîðûå áîëåå àäåêâàòíû ðåàëüíûì ñèòóàöèÿì, áîëüøîéèíòåðåñ ïðåäñòàâëÿþò ìîäåëè ïîëóìàðêîâñêîãî ïîòîêà, ÷àñòíûì ñëó÷àåì êîòîðûõ ÿâ-ëÿþòñÿ ïîòîêè ìàðêîâñêîãî âîññòàíîâëåíèÿ è âñå âûøåïåðå÷èñëåííûå ïîòîêè. Ìåòîäûèññëåäîâàíèÿ òàêèõ ìîäåëåé äîñòàòî÷íî ñëîæíû è ïðèâîäÿò ê çíà÷èòåëüíûì ìàòåìàòè-÷åñêèì ïðîáëåìàì. Ïîýòîìó íàðÿäó ñ çàäà÷åé ðàñøèðåíèÿ êëàññîâ ïîòîêîâ ñóùåñòâóåòïðîáëåìà ðàçâèòèÿ ìåòîäîâ èõ èññëåäîâàíèÿ.1. Ìàòåìàòè÷åñêàÿ ìîäåëüÑëó÷àéíûì ïîòîêîì îäíîðîäíûõ ñîáûòèé (ïîòîêîì) áóäåì íàçûâàòü óïîðÿäî÷åííóþïîñëåäîâàòåëüíîñòü
t1 < t2 < · · · < tm < tm+1 < . . . (1)ñëó÷àéíûõ âåëè÷èí tm � ìîìåíòîâ íàñòóïëåíèÿ ñîáûòèé â ïîòîêå.Ïóñòü çàäàíà ïîëóìàðêîâñêàÿ ìàòðèöà A(x) ñ ýëåìåíòàìè Ak1k2(x). Ìàòðèöà P =

lim
x→∞

A(x) ÿâëÿåòñÿ ñòîõàñòè÷åñêîé, ïîýòîìó ïðè çàäàííîì íà÷àëüíîì ðàñïðåäåëåíèèîíà îïðåäåëÿåò íåêîòîðóþ öåïü Ìàðêîâà k (tm) ñ äèñêðåòíûì âðåìåíåì, êîòîðóþ áóäåìíàçûâàòü âëîæåííîé â ïîëóìàðêîâñêèé ïîòîê öåïüþ Ìàðêîâà.© Èíñòèòóò âû÷èñëèòåëüíûõ òåõíîëîãèé Ñèáèðñêîãî îòäåëåíèÿ �îññèéñêîé àêàäåìèè íàóê, 2008.83



84 À.À. Íàçàðîâ, Ñ.Â. Ëîïóõîâà, È.�. �àðàéøèíàÑëó÷àéíûé ïîòîê îäíîðîäíûõ ñîáûòèé áóäåì íàçûâàòü ïîëóìàðêîâñêèì, åñëè âåðî-ÿòíîñòíûé çàêîí �îðìèðîâàíèÿ ïîñëåäîâàòåëüíîñòè (1) îïðåäåëÿåòñÿ íà÷àëüíûì ðàñ-ïðåäåëåíèåì è ðàâåíñòâàìè
Ak1k2(x) = P {k(tm+1) = k2, tm+1 − tm < x |k(tm) = k1}ïðè âñåõ m ≥ 1.Îáîçíà÷èì n(t) ÷èñëî ñîáûòèé ïîëóìàðêîâñêîãî ïîòîêà, íàñòóïèâøèõ çà âðåìÿ t íàèíòåðâàëå [0, t].Çàäà÷åé èññëåäîâàíèÿ äàííîé ðàáîòû ÿâëÿåòñÿ óñòàíîâëåíèå ðàñïðåäåëåíèÿ âåðîÿò-íîñòåé P (n, t) = P{n(t) = n} ïðè ñòàöèîíàðíîì �óíêöèîíèðîâàíèè ýðãîäè÷åñêîé öåïèÌàðêîâà k (tm). Î÷åâèäíî, ïðîöåññ n(t) � íåìàðêîâñêèé, ïîýòîìó îïðåäåëèì åùå äâàñëó÷àéíûõ ïðîöåññà: z(t) � äëèíó èíòåðâàëà îò ìîìåíòà âðåìåíè t äî ìîìåíòà íàñòóï-ëåíèÿ î÷åðåäíîãî ñîáûòèÿ â ðàññìàòðèâàåìîì ïîòîêå, k(t) � íåïðåðûâíûé ñëåâà ïðî-öåññ ñ íåïðåðûâíûì âðåìåíåì, çíà÷åíèå êîòîðîãî íà èíòåðâàëå (tm, tm+1] ïîñòîÿííû èîïðåäåëÿþòñÿ ðàâåíñòâàìè k (t) = k (tm+1). Â ñèëó ñäåëàííûõ îïðåäåëåíèé ñëó÷àéíûéïðîöåññ {k(t), n(t), z(t)} ÿâëÿåòñÿ òðåõìåðíûì ìàðêîâñêèì ïðîöåññîì ñ íåïðåðûâíûìâðåìåíåì.Çàìåòèì, ÷òî ñëó÷àéíûé ïðîöåññ k(t) íå ÿâëÿåòñÿ ïîëóìàðêîâñêèì â êëàññè÷åñêîìîïðåäåëåíèè [1℄, òàê êàê ïîëóìàðêîâñêèé ïðîöåññ S(t) íåïðåðûâåí ñïðàâà è, êàê óêàçàíîâ [1℄, äëÿ åãî ïåðåõîäíûõ âåðîÿòíîñòåé íå ñóùåñòâóåò äè��åðåíöèàëüíûõ ýâîëþöèîí-íûõ óðàâíåíèé Êîëìîãîðîâà, â òî âðåìÿ êàê ïðåäëîæåííûé âûøå ïðîöåññ

{k(t), n(t), z(t)} � ìàðêîâñêèé, ïîýòîìó äëÿ åãî ðàñïðåäåëåíèÿ âåðîÿòíîñòåé
P (k, n, z, t) = P {k(t) = k, n(t) = n, z(t) < z} (2)íåòðóäíî ñîñòàâèòü ñèñòåìó äè��åðåíöèàëüíûõ óðàâíåíèé Êîëìîãîðîâà
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∂z
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∂z
+
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H(k, u, z, t) =
∞
∑

n=0

ejunP (k, n, z, t),ãäå j =
√
−1 � ìíèìàÿ åäèíèöà. Äëÿ ýòèõ �óíêöèé èç ñèñòåìû äè��åðåíöèàëüíûõóðàâíåíèé Êîëìîãîðîâà ìîæíî çàïèñàòü
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Aνk (z) . (3)Îáîçíà÷èì H (u, z, t) = {H (1, u, z, t) , H (2, u, z, t) , . . .} ñòðîêó âåêòîð-�óíêöèè, òîãäàñèñòåìó óðàâíåíèé (3) ïåðåïèøåì â ìàòðè÷íîì âèäå
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, (4)



Èññëåäîâàíèå ïîëóìàðêîâñêîãî ïîòîêà ñîáûòèé 85ðåøåíèå êîòîðîé óäîâëåòâîðÿåò íà÷àëüíîìó óñëîâèþ H(u, z, 0) = R(z), ãäå I � åäè-íè÷íàÿ ìàòðèöà, à ñòàöèîíàðíîå ðàñïðåäåëåíèå R(z) äâóìåðíîãî ìàðêîâñêîãî ïðîöåññà
{k(t), z(t)} ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè

{

∂R (z)

∂z
=

∂R (0)

∂z
(I − A(z)) ,

R(0) = 0è îïðåäåëÿåòñÿ ðàâåíñòâîì R(z) = æ1r

z
∫

0

(P −A(x))dx, ãäå æ1 =
1

rAE
. Çäåñü r � âåêòîð-ñòðîêà ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ âåðîÿòíîñòåé çíà÷åíèé âëîæåííîé öåïè Ìàðêîâà

k(tm); E � åäèíè÷íûé âåêòîð-ñòîëáåö è ìàòðèöà A =

∞
∫

0

(P − A(x))dx.2. Äîïðåäåëüíàÿ ìîäåëüÏóñòü èìååì äè��åðåíöèàëüíîå óðàâíåíèå (4), ðåøåíèå H (u, z, t) êîòîðîãî óäîâëåòâî-ðÿåò íà÷àëüíîìó óñëîâèþ H(u, z, 0) = R(z). Òîãäà ïðåîáðàçîâàíèå Ôóðüå � Ñòèëòüåññà
φ(u, α, t) =

∞
∫

0

ejαzdzH(u, z, t) âåêòîð-�óíêöèè H(u, z, t) óäîâëåòâîðÿåò óðàâíåíèþ
∂φ(u, α, t)

∂t
= −jαφ(u, α, t) +

∂H(u, 0, t)

∂z

(

ejuA∗(α) − I
) (5)è íà÷àëüíîìó óñëîâèþ

φ(u, α, 0) = R∗(α) =

∞
∫

0

ejαzdR(z),ãäå A∗(α) =

∞
∫

0

ejαzdA(z). �åøåíèå óðàâíåíèÿ (5) èìååò âèä
φ(u, α, t) = e−jαt



R∗(α) +
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∫

0

ejατ ∂H(u, 0, τ)

∂z

(

ejuA∗(α) − I
)

dτ



 . (6)Óñòðåìèâ t â áåñêîíå÷íîñòü â âûðàæåíèè (6), ïîëó÷èì ïðåîáðàçîâàíèå Ôóðüå ïî τîò âåêòîð-�óíêöèè ∂H(u, 0, τ)

∂z
. Âûïîëíèâ îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå, îïðåäåëèì,÷òî
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dα.
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φ(u, α, t) = e−jαt

(

R∗(α)+

+
1

2π

t
∫

0

ejατ

∞
∫

−∞

e−jyτR∗(y)
(

I − ejuA∗(y)
)

−1
dy
(

ejuA∗(α) − I
)

dτ

)

. (7)Çíàÿ, ÷òî H(u,∞, t) = H(u, t) = φ(u, 0, t), ïîëó÷èì âûðàæåíèå äëÿ âåêòîð-�óíêöèè
H(u, t):

H(u, t) = R +
æ1

2π

∞
∫

−∞

1

y2

(

1 − e−jyt
)

r {I − A∗(y)}
(

I − ejuA∗(y)
)

−1
dy
(

ejuP − I
)

.Òîãäà ðàñïðåäåëåíèå âåðîÿòíîñòåé P (n, t) ÷èñëà ñîáûòèé, íàñòóïèâøèõ çà âðåìÿ t, ÿâëÿ-åòñÿ îáðàòíûì ïðåîáðàçîâàíèåì Ôóðüå ïî ïåðåìåííîé u îò õàðàêòåðèñòè÷åñêîé �óíê-öèè h(u, t) = Mejun(t) = H(u, t)E, îíî èìååò âèä
P (n, t) =

1

2π

π
∫

−π

e−junH(u, t)Edu =
æ1

2π

∞
∫

−∞

1 − e−jyt

y2
r
[

I − A∗(y)
]2

A∗(y)n−1Edy, (8)
P (0, t) = 1 − æ1

2π

∞
∫

−∞

1 − e−jyt

y2
r
[

I − A∗(y)
]

Edy.Çàêëþ÷åíèåÂûïîëíÿÿ àñèìïòîòè÷åñêèå èññëåäîâàíèÿ ïîëóìàðêîâñêîãî ïîòîêà ñîáûòèé, àíàëîãè÷-íûå èññëåäîâàíèþ ïîòîêîâ ìàðêîâñêîãî âîññòàíîâëåíèÿ [2, 3℄, ïîëó÷èì, ÷òî àñèìïòîòè-êó òðåòüåãî ïîðÿäêà äëÿ õàðàêòåðèñòè÷åñêîé �óíêöèè ìîæíî çàïèñàòü â âèäå
Mejun(t) = e

ju

(

æ1t+
(ju)2

2
æ2t+

(ju)3

3!
æ3t

)

,ãäå êîý��èöèåíòû æ1, æ2, æ3 äëÿ ïîëóìàðêîâñêîãî ïîòîêà îïðåäåëÿþòñÿ àíàëîãè÷íî òî-ìó, êàê ýòî ñäåëàíî â ðàáîòàõ [2, 3℄. Ïîëó÷åííûå ðàâåíñòâà (8) îïðåäåëÿþò ðàñïðåäåëå-íèå âåðîÿòíîñòåé P (n, t) ÷èñëà ñîáûòèé, íàñòóïèâøèõ â ñòàöèîíàðíîì ïîëóìàðêîâñêîìïîòîêå, çàäàííîì ïîëóìàðêîâñêîé ìàòðèöåé A(x) è åå ïðåîáðàçîâàíèåì A∗(x) Ôóðüå �Ñòèëòüåññà. ×èñëåííàÿ ðåàëèçàöèÿ �îðìóë (8) ïîçâîëÿåò íàõîäèòü ÷èñëåííûå çíà÷åíèÿâåðîÿòíîñòåé P (n, t) äëÿ äîñòàòî÷íî øèðîêîãî êëàññà ìàòðèö A∗(x) è çíà÷åíèé t. Íîâîçìîæíîñòè ÷èñëåííîé ðåàëèçàöèè îãðàíè÷åíû âû÷èñëèòåëüíûìè ðåñóðñàìè. Äëÿ äî-ñòàòî÷íî áîëüøèõ çíà÷åíèé t åñòåñòâåííî ïðèìåíèòü ìåòîä àñèìïòîòè÷åñêîãî àíàëèçàïîëóìàðêîâñêîãî ïîòîêà àíàëîãè÷íî òîìó, êàê ýòî âûïîëíåíî äëÿ ïîòîêà ìàðêîâñêîãîâîññòàíîâëåíèÿ â ðàáîòå [2℄ è ïðîñåÿííîãî ïîòîêà ìàðêîâñêîãî âîññòàíîâëåíèÿ â ðàáî-òå [3℄. Íàëè÷èå ÷èñëåííîãî àëãîðèòìà (8) ïîçâîëÿåò îïðåäåëèòü îáëàñòü ïðèìåíåíèÿàñèìïòîòè÷åñêèõ ðåçóëüòàòîâ. Äëÿ ðàññìîòðåííûõ ïîòîêîâ ñ òðåìÿ ñîñòîÿíèÿìè âëî-æåííîé öåïè Ìàðêîâà ðàññòîÿíèå Êîëìîãîðîâà � Ñìèðíîâà ìåæäó ðàñïðåäåëåíèÿìè,
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